Abstract. We recently presented a perturbation theory for the asymptotic sunival probability of an interacting particle system which can become trapped in an absorbing state. In this letter we extend the method to a simple diffusive model. Analysis of the resulting series shows that diffusion is an irrelevant perturbation, i.e. it does not change the critical behaviour. Quantitative predictions of the phase boundary are confirmed by results of Monte Carlo simulations.
of neighbours. As there is no spontaneous creation of particles the vacuum is an absorbing state for the Markov process. In addition to this trivial state the CP has (in the infinite-size limit) for sufficiently small A a non-trivial ('active' ) steady state, with a non-zero average particle concentration p. The CP is known to exhibit a continuous phase transition from the active state to the absorbing state at a critical value A, [U] . This kind of phase transition is atso found in more complicated models for catalytic surface reactions [16-181. As in equilibrium the behaviour of the system near A, is characterized by various critical exponents, e.g. the steady state concentration of particles (which is the appropriate order parameter) decays asymptotically as p K (A, -A)O as A -, Ac-. Steady state series expansions 1191 in d = 1 yield A, N 0.3032 and p N 0.277, and timedependent series expansions I201 yield A, N 0.303228 and p N 0.2769. This places the CP in the same universality class as RIT [13, 14] and directed percolation 1211.
In this work we extend the CP to include diffusion of particles. This is simply done by allowing the bopping of particles to empty nearest neighbour sites at rate D. There are many reasons for wanting to develop series expansions for diffusive models: surface diffusion of ad-atoms plays an important role in catalytic reactions. In the epidemic modeIling diffusion comes into play as won as we consider non-sedentary populations. In population models with 3-particle creation and/or annihilation rules, diffusion can lead to a re-entrant phase diagram [22-241, or change the order of the phase transition [U] . We do not expect diffusion to change the critical behaviour of the CP. A coarse-grained description of the non-diffusive CP will in fact already include a diffusive term, i.e. o ( 0 2 p . Thus field-theoretic analysis of the diffusive CP [3] predicts R F~ behaviour. Even without coarse graining, an effective hopping process is present in the CP, e.g. through the sequence 0 0 3 00 i 0 0 ( 0 and o denoting occupied and vacant sites, respectively). Our main reason for studying the diffusive CP is to develop time-dependent perturbative expansions in a context in which we know what to expect. We hope that these methods will prove useful in the study of more complicated models in which diffusion plays a more crucial role 122 23,251. Before venturing into a description of the time-dependent perturbation theory we review the scaling 'behaviour of models exhibiting a continuous transition to an absorbing state. Following Grassberger and de la Torre [14] we consider the asymptotic behaviour of the model, starting at t = 0 with a single seed particle at the origin. According to the usual scaling hypothesis, one expects that any [unction of x, t, and A (A = A, -A) depends on these variables only through x 2 / t i and A t'/", times some power of x 2 , 1, or A, where v and z are new critical exponents. For the probability of survival, i.e. the probability that the system has not entered into the vacuum state at time 1, one expects
where 6 is another critical exponent, while + is a universal scaling function. In the supercritical region (A < A, ) we see that by setting $(y) = ~-~" + ( y ) we may rewrite (1) as
Since the system is in the supercritical region there must be a non-zero chance of survival, were this not the case any configuration would eventually die out, contrary Markov processes in many-particle systems may be conveniently described via an operator formalism [26-281, as demonstrated by the successful application of the formalism to non-equilibrium steady states of interacting particle system [19] , the dynamics of random sequential adsorbtion [29] , the asymptotic survival probability (71 and related quantities [ZO] . In this paper we use the formalism of [7, 19] in which only single occupancy of sites is allowed. The basis states of a given site i E Zd are lai) with ui = 0, 1 when site i is vacant or occupied respectively. Any configuration {ui} of the system can be written as a direct product I { u j } ) = niEZd I . , ) .
Creation and annihilation operators for site i are defined in the obvious manner Afluj) = (1 -ui)luj t 1) and A;lui) = ujlui -1).
The state of the system at time t is where the sum is over all configurations and p( Ioi}, 1) is the probability distribution on configuration space. The evolution of the probability distribution is governed by the master equation which has the formal solution, given that S is time-independent, lQ(t)) = eSzlQ(0)), where IP(0)) is the initial probability distribution. The evolution operator S for the diffusive cp in one dimension may be expressed as
(7) i and (9) In this decomposition W annihilates particles, V creates particles, and D corresponds to nearest-neighbour hopping of particles. S fulfills the conditions required for a probability interpretation, i.e. it preserves positivity and normalization.
In the following we will give a generalized description of the timedependent perturbation theory derived in [7] and [20]. Assume that we split up the evolution operator S in two parts U and R, S = U + KR; we want to treat R perturbatively. Let IX,) denote the initial distribution which assigns probability 1 to the configuration with the origin occupied, and all other sites vacant. Consider the Laplace transform of IW(t)):
(10)
Assuming that I $ ( z ) ) can be expanded in powers of K:
we find upon inserting (11) and the expression for S in (10) and Letting ( r ) denote any configuration we have
~~~( r : ) ]
where zp, = ( z + q)-', and q is the sum of the coefficients C,, to the new configurahons ( r ' ) generated from (r) by the application of U. A premise for the applicability of the method outlined above is that the operators (.-U)-' and R create only finitely many new configurations or that the recursive application of ( z -U ) -' , as expressed in (14), may be truncated in a natural way. In this work we consider how to extend the method outlined above to diffusive models. As diffusion preserves the number of occupied sites it can never be included in U because there would be no natural way to truncate the recursive application of ( z -U)-'. In the absence of an exact solution for ( z -V -'D)( r ) , we are forced to treat the diffusion operator perturbatively. In this letter we have chosen to look at R = X[M/ t D'Dj for a fixed numerical value for D. Thus we derive a series in powers of X for each value of D. From this series we then determine the critical value A, which then combined with a determines the corresponding value of the diffusion rate, D, = XcD. The major drawback of this method is that diffusion enters at different orders in each term of the expansion, i.e. in an expansion to order n the coefficient of A E truncates at Dn-k.
We can calculate the errinction probability p ( z ) , i.e. the probability of having entered the absorbing state. The XJ term in the expansion for p ( z ) is simply the coefficient of 10) in [a,). As each application of W annihilates at most one particle, it follows from (13) that in a calculation of p ( z ) to U(An) we can discard (j) for j > n in the expression for I$&. Similarly, we can ignore all configurations with more than n -12 occupied sites in lak), as none of these contribute to the extinction probability at this order. The algebra involved in the calculation of p ( z ) rapidly becomes very complex. The steps used to generate the series are, however, simple enough to be codified as a computer algorithm (see [20] for further details). We have derived the series expansion for limz-ozp(z) to 24th order in X (it takes a little more than 20 minutes on an IBM3090).
We have analysed the series for the various values of B using Pad6 approximants to the series for (d/dX)lnP,, thus obtaining unbiased estimates for A,, the first pole on the positive-X axis, and @, the residue of the Pad6 approximant at this pole.
Each Pad6 approximant yields an estimate for A, and 8. By averaging over several approximants, usually all the approximants [n.m] with n , m = 10,ll or 12, we obtain our final estimates. The results of this analysis are summarized in table 1.
Our results strongly support the notion of universality, confirming that diffusion does not change the critical behaviour of the cp. In The present results seem to be wnsistent with this limit. As a check on the accuracy of our results, we performed time-dependent Monte Carlo simulations [5] to determine the critical points of the diffusive contact process for various diffusion rates. Our simulations follow the evolution of the process defied by (8) over many (lo4-lo') independent realizations, all starting from the same initial state: a single particle at the origin. For details on the simulation procedure, see [23] and [E] . To determine A, and some of the critical exponents, we analyse the S U M ' V~ probability, Pt, the mean particle number, n t , and the mean-square distance of particles from the origin, c : , up to some pre-determined maximum time, 1,. One unit of time corresponds to one attempted update per site, on average. The lattice is taken sufficiently large that particles never reach the boundary during a run. The hallmark of critical behaviour in this sort of process is asymptotic power-law evolution, with Pt, nt, and z: cx t -6 , t " J , and t " , respectively. Off-critical evolution is characterized by exponential decay (for X > A<), or saturation (for PJ, or more rapid growth (for n and z2), when X < A, . 
